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We consider the dimensions c, of the Loewy factors of the modular group algebra KG of a 
finite p-group G. It is well-known that c, = c,_, where s is the Loewy length of KG. For p = 3 
and 5 we describe p-groups with the property that c, c cI-, for some i s fs, thus settling an old 
open problem. Also, the similar question for restricted Lie algebras with nilpotent p-map is studied. 
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Let G be a finite p-group and let k be a field of characteristic p. We consider the 
modular group algebra kG filtered by the powers IG” of the augmentation ideal 
IG. Since IG is the radical of kG the power IG” is just the nth term of the lower 
Loewy series of kG. The dimensions of the factors IG”/ IGnt’ have been computed 
by Jennings [3] in terms of the (Zassenhaus-Jennings) series {K,G} of G. The term 
K,G is defined by 
K,G={xEGIx-&IG”}, (1.1) 
i.e. it is the nth dimension subgroup mod p. Equivalently (see [3]) it may be defined 
using the lower central series {mG} of G by 
K,G = (( y,G) pk ) ip” 2 n). (1.2) 
The result of Jennings may be stated as follows. 
Theorem 1.1. Let c,, be the dimension of IG”/ IG”+’ as vector space over k, let d,, be 
the dimension of K,G/K ,+,G as vector space over GF(p), and let 1 be the largest 
integer with K,G # e. Then 
i (1+t’+ . . . + +p-‘)‘)d, = 2 C,tn, 
i=l n=o 
wheres=(p-l)Cfi=,nd,, andIG”+‘=O. 
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From this it follows (see [3]) that c, = CT-,, for n = 0, 1, . . . , s. In all cases recorded 
in the literature one has 
ci 5 ci__l for lsiC$. (1.3) 
Hence the question arises whether (1.3) is true for all p-groups. In this note we 
shall exhibit examples for p = 3 and p = 5 for which (1.3) is not satisfied. Despite 
a rather extensive search we were unable to find examples for other primes. We 
also consider the analogous question for restricted Lie algebras. 
After completion of a first draft of this note the authors have received a preprint 
of a paper by 0. Manz and R. Staszewski: “ On Jennings’ Theorem and a Question 
of Huppert”. This paper contains a number of results on the integers c,, and also 
two examples of 3-groups whose group algebras do not satisfy (1.3). 
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It is clear that a search for p-groups with the desired property should start among 
p-groups of maximal class (see [ 11). For such groups the Zassenhaus-Jennings series 
has been computed [2, pp. 258-2591. Let G, be a 3-group of maximal class of order 
35, then we have I = 7, d, = 2, d, = 1, d3 = 1, d4 = d5 = 0, d6 = 1, s = 26. Then Theorem 
11 yields Jennings’ polynomial: 
(l+t+t2)2(1+f2+f4)(1+f3+f6)(1+f6+f’2) 
=1+2t+4t2+5t3+7t4+8t5+10t6+11f7+13t8+ 
+13t9+ 14t’O+ 13tll-c 14t1*+ 13t13+ 14tr4+ 13t15+ 
+14t16+13t17+13t’s+llr19+10t20+ 
+8t21+7f22+5t23+4t24+2t25+ t26. 
Since 4s = 13 we notice that i = 11 and i = 13 provide two instances where (1.3) is 
not satisfied. We may describe one such group by generators and relators as follows: 
gp(a, b] a9=b3=c, [[a, bl, al = e, 
[[a, bl, bl = [a63 bla6, [[[a, bl, bl, bl = [a63 bl). 
It is not hard to show that this group is of maximal class and has order 35. We leave 
the necessary details to the reader. 
Next let G2 be a 5-group of maximal class of order 5’. Then we have, again by 
[2, pp. 258-2591, 
Z=lO; d,=2, d2=1, d3=1, d4=1, d,=l, 
d6=d7=ds=d9=0, d,o=l; s = 104. 
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A (computer) calculation yields Jennings’ polynomial. We obtain 
. * ~+1552t50+1551t51+1557t52+~~~ 
so that c5, < cso, 2 1~ = 52. We remark that in this example there is only one index 
i, 16 i G is for which (1.3) does not hold. 
We note that the 5-groups of maximal class of order 59, the 7-groups of maximal 
class of order 79 as well as the 1 l-groups of maximal class of order 11 l3 all satisfy 
(1.3). 
We briefly mention a further example in order to show the strange behaviour of 
Jennings’ polynomial. Let G3 be a 3-group of maximal class of order 3’. Then the 
degree of Jennings’ polynomial is 80. For its coefficients we obtain 
c,,=c3*=~~~=c2*=41, 
c3g = c37 = * ’ . = c*, = 40, 
so that the group G, provides 6 instances where (1.3) is not satisfied. 
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In this section we turn to finite dimensional restricted Lie algebras over a field 
of characteristic p > 0 with nilpotent P-map. If g is such a Lie algebra, its restricted 
envelope Vg is finite dimensional with radical Ig. We define the series K,g of 
restricted Lie ideals by 
‘M={XEglxE&!n], (3.1) 
where we interpret x both as an element of g and as an element of Vg. As in the 
group case K,g can be also defined internally by a formula corresponding to (1.2). 
There then is the following result: 
Theorem 3.1. Let c, be the dimension of Ig”/ Ig”+‘, let d, be the dimension of K,g/K,+,g, 
and let 1 be the largest integer with Klg # 0. Then 
h (1+t'+. . . + tkl,)‘)dz = i c,p 
,=I I?=0 
wheres=(p-l)xfi=, nd,, andW’=O. 
In particular we have c, = c,_, for n = 0, 1, . . . , s, and we may ask whether 
Ci*Ci-_l, lSi<$ (3.2) 
holds. We shall provide examples where (3.2) is not satisfied. For this we exploit 
a construction due to Zassenhaus [5]. If G is a p-group with Zassenhaus-Jennings 
series K,G, then LG =@K~G/K~+,G is a restricted Lie algebra over the field k of p 
elements. We claim the following. 
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Theorem 3.2. Let G be a p-group. Then G satisjies (1.3), if and only if the restricted 
Lie algebra LG satisjes (3.2). 
It follows from Theorem 3.2 that LG,, LG,, LG, are examples of restricted Lie 
algebras with the desired property. In order to prove Theorem 3.2 we refer to a 
result of Quillen [4] which says that VLG is isomorphic to the associated graded 
algebra grad kG of kG with respect to the filtration by the powers of the augmentation 
ideal. Since the numbers ci associated with grad kG are the same as those associated 
with kG the proof of Theorem 3.2 is complete. 
Added in proof: The paper mentioned at the end of P 1 has now appeared in print: 
0. Manz and R. Staszewski, On the number of generators and the modular group-ring 
of a finite p-group, Proc. Amer. Math. Sot. 98 (1986) 189-195. 
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